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Abstract
Graphene nanomaterial-reinforced zirconia matrix composites (ZMCs) 

have demonstrated exceptional load-carrying capabilities, even in the demanding 
conditions demanded by new applications. The main reason for their outstanding 
mechanical performance, particularly their resilience to cracks, is the diversity of 
their microstructures. Composites using intentionally scattered graphene exhibit 
exceptional resilience to catastrophic failure due to toughening mechanisms ex-
ternal to the matrix. Our investigation of the fractured behavior of these nano-
composites is insufficient, and the complex energy dissipation mechanism at the 
interface between the reinforcement and the matrix is hindering our progress 
in creating more robust and tougher ZMCs. To overcome these constraints, we 
study energy dissipation and fracture deflection in nanocomposites using an en-
hanced cohesive shear-lag approach. Nanocomposites’ toughening is controlled 
by interfacial debonding and friction, which are taken into consideration in this 
novel model. Our study will inform you how to maximize the toughening effects 
of ZMCs.

Keywords
Graphene nanomaterials, Fracture toughness, Zirconia matrix composites, 
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Introduction
All materials, whether they are man-made or found in nature, exhibit some 

degree of microstructural variability. Natural and manufactured materials alike 
can attain mechanical characteristics and functions that surpass those of their 
constituent components through precise management of their heterogeneous mi-
crostructures [1-4]. As an example, high-performance ZMCs have garnered a lot 
of attention from researchers because of the demanding conditions they could be 
used in. These composites have the ability to withstand extreme heat and chem-
icals, making them ideal for use in energy storage systems and other harsh envi-
ronments [5, 6]. The distinctive heterogeneous microstructure of these materials 
is made up of reinforcements that are finely dispersed throughout the zirconia 
matrix. The composites are robust enough to withstand catastrophic breakdown 
under different operating settings because these reinforcements allow toughen-
ing mechanisms that are not intrinsic to the zirconia matrix [7, 8]. In contrast, 
monolithic zirconia’s aren’t very trustworthy structural materials due to their low 
fracture toughness. To that end, one of the primary goals in developing ZMCs is 
to control the toughening effects.
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attention on the particular mix of brittle fiber reinforcements 
and a brittle matrix here.

The first question has been thoroughly researched in the 
literature [9]. In this case, a large matrix crack runs into a se-
ries of fiber reinforcements. The greatest way to stop a running 
crack is to have a weak matrix/reinforcement contact that is 
perpendicular to the crack. By spreading the substantial near-
tip stress over an interface—which can easily open or shear—
placed knowingly in front of a matrix crack, the crack may 
be blunted. This toughening-optimal interfacial failure mode 
must contend with the mode of uninterrupted crack propaga-
tion into the reinforcement. Therefore, finding the conditions 
that allow the interfacial failure mode while suppressing the 
unwanted crack penetration has received a great deal of atten-
tion [10, 11]. Table 1 summarizes the several formulations of 
this topic, which is likely the main reason why no consensus 
has been established thus far. Criteria for reinforcement and 
interface fracture, apart from small variations in model geom-
etry, are the main point of contention.

According to authors [12], the interface fracture is con-
trolled by the cleavage stress (σi) produced by the approaching 
matrix crack (i.e., the tensile stress perpendicular to the in-
terface) against the corresponding interfacial strength (σi,m). 
Similarly, the reinforcement fracture is governed by splitting 
stress (σr) (i.e., the tensile stress perpendicular to the matrix 
crack plane) against the corresponding strength (σr,m).They 
deduced that the interfacial failure mode will be activated if σi 
reaches σi,m before σr rises to σr,m based on these assump-
tions. On the other hand, authors [13, 14] looked at the energy 
release rate (Gi) for an extremely tiny crack expansion at the 
interface and Gr for an extremely tiny crack growth in the 
reinforcement. The interfacial failure mechanism was suggest-
ed as being activated by an energy-based situation, wherein 
Gi attains the interfacial toughness, Γi, prior to Gr reaching 
the reinforcement’s toughness, Γr. Furthermore, authors [15] 
looked for a way to bring the two kinds of fracture criteria 
together by presuming that cohesive principles regulate both 
the interface failure and the reinforcement.

First, although faults of finite size are prevalent, the ma-
jority of current models make the assumption that the inter-
face and reinforcement are defect-free or contain defects of an 
infinitesimally small size. Unphysical interpretations, such as 
the existence of infinite or nonexistent energetic driving fac-
tors for fracture initiation, could result from making such as-
sumptions. Secondly, the stress state at the interface is affected 
by the residual stress that is generated during fabrication, al-

In general, three parameters should determine the tough-
ening effects in ZMCs from a microstructural standpoint. 
Matrix material and reinforcement selection is the primary 
consideration. Silicon carbide, carbon, silicon nitride, and alu-
minum oxide are common chemical compositions, and rein-
forcements can be in the form of particles, short fibers, long 
fibers, or sheets. The positioning of the matrix’s reinforcements 
is the second consideration. Reinforcements can have an 
aligned or random orientation and a homogenous or inhomo-
geneous distribution. Interfaces between reinforcements and 
matrices constitute the third component. Various ZMCs, with 
different chemical compositions and production processes, can 
have different mechanical properties at the matrix/reinforce-
ment contact. This means that ZMC toughening effects can be 
fine-tuned in a wide variety of ways. At least on a laboratory 
basis, all of the aforementioned factors have already been in-
vestigated experimentally. The incorporation of nanoparticles 
into composites has introduced a novel aspect—the reduction 
in reinforcement size—that has received little attention but 
might be a way to boost the toughening effects of ZMCs.

Based on graphene nanomaterial-reinforced composites 
as a scaled-down example, we investigate the mechanics of 
microfiber-reinforced composites in this study. When it comes 
to the predictions for reinforcement-induced toughening and 
the circumstances for crack deflection, our present knowl-
edge of the fracture behaviour of these composites reinforced 
with graphene nanomaterial is lacking. For future research 
to make full use of nano-sized reinforcements, basic inves-
tigations on these two fronts are necessary. In addition, we 
dissect the unique reinforcements’ defining characteristics as 
they pertain to graphene nanomaterials (such as graphene, re-
duced graphene oxide, and hexagonal boron nitride platelets). 
Graphene nanomaterial-reinforced zirconia composites can be 
optimized in terms of fracture toughness as a final result.

Methodology
Toughening in fiber-reinforced composites

When the concepts of fracture mechanics in homogeneous 
brittle materials were well established in the 1960s, research-
ers began investigating fracture in fiber-reinforced composites. 
The process by which embedded fibers toughen a composite 
material has been the subject of much research over the years. 
Of particular interest are two basic questions: (1) what kind of 
failure can occur near a fiber reinforcement, and (2) how can 
the contribution of reinforcements to fracture toughness be 
predicted? Because it is most pertinent to ZMCs, we pay zero 

Table 1: Models of initiation of interfacial failure.

Model geometry Fracture criteria
An elliptical crack Approaching a perfect bi-material interface At normal incidence Stress ratio

A sharp crack Approaching a bi-material interface with pre-existing defects At normal incidence Energy release rate ratio
A sharp crack Approaching a bi-material interface with pre-existing defects At normal incidence Energy release rate ratio and cohesive law
A sharp crack Approaching/impinging on a perfect bi-material interface At normal incidence Energetic incremental condition
A sharp crack Impinging on a perfect bi-material interface At normal incidence Energy release rate ratio
A sharp crack Impinging on a perfect bi-material interface At normal incidence Stress ratio
A sharp crack Impinging on a perfect bi-material interface At normal incidence Cohesive law
A sharp crack Impinging on a perfect bi-material interface At normal incidence Energy release rate ratio
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computational models are severely lacking. From the begin-
ning to the end of the interfacial failure process-which in-
cludes debonding and pull-out—no one knows what causes it. 
Even when we use the current models to describe composites 
reinforced with graphene nanomaterial, these problems re-
main. Consequently, a more comprehensive model of interfa-
cial failure must be developed.

Note that nano-reinforcements are typically scattered 
throughout the matrix and don’t provide a thick enough wall 
to prevent a matrix crack from penetrating the composite. So, 
in a loaded composite, a few platelet-like nano-reinforcements 
typically bridge a barely opened cleavage crack (Figure 1a). 
The cleavage surfaces are able to elude all of these platelets. 
A modified graphene model is shown in figure 1b since, be-
cause of the sparse dispersion, Kelly’s assumption that each 
reinforcement behaves separately remains a fair approximation 
figure 1c. Figure 1c and the half model in figure 2a show that 
the relative interfacial displacement between the matrix and 
the reinforcement is driven by the increase in crack opening, 
Δ, which results from consecutive loading.

though this aspect has received less attention. For instance, if 
the interface is subjected to significant compressive residual 
stresses, it may prevent mode I fracture initiation, such as in-
terfacial delamination.

Since the matrix/reinforcement interface is expected to 
dissipate far more energy than the brittle reinforcement it-
self, we have only covered the commencement of the favorable 
interfacial failure mode in fiber-reinforced composites so far. 
On the other hand, if the reinforcement breaks or comes loose 
from the matrix entirely, it can disrupt the interfacial failure 
mode after initiation. In order to accurately evaluate the energy 
dissipation capacity of each matrix/reinforcement interface, it 
is necessary to provide a detailed description of the interfacial 
failure process, beginning with its commencement and ending 
with its termination. In order to measure the improvement in 
total fracture toughness, it is necessary to take into account 
not only the individual interactions between the interfaces and 
reinforcements, but also their collective behavior.

According to authors [16, 17], there are two main pro-
cesses that occur during the interfacial failure mode: first, there 
is interfacial debonding, and then the reinforcement is pulled 
out along the interface due to friction. Energy is dissipated 
during debonding by breaking the link between the matrix 
and reinforcement, and again during pull-out by frictional 
sliding at the interface. According to authors, there is a critical 
length (lc) of fiber reinforcement that, if not surpassed, pre-
vents the reinforcement from breaking and keeps the inter-
facial failure mode going until pull-out is complete. Accord-
ing to his additional research, the relationship between the 
interfacial frictional stress (τf ) and the reinforcement’s frac-
ture strength (σr,m) is approximately proportional to lc. For 
each given interface, this lc establishes a maximum allowable 
debonding energy dissipation (Wd) and pull-out energy dissi-
pation (Wp). It is generally accepted that Wp is substantially 
larger than Wd, meaning that the bulk of the interface’s energy 
dissipation capacity, W should be attributed to the frictional 
pull-out process. When reinforcements are reduced in magni-
tude, however, the validity of this reasoning remains debatable.

To find the work of fracture per unit area of the compos-
ite, the contribution of each fiber by the area density of fibers, 
assuming that each fiber fractures independently and exhibits 
identical properties. This allowed him to bridge the gap be-
tween the toughening effect of an assembly of fibers and that 
of an individual interface. By considering the statistical char-
acter of composites, expanded upon Kelly’s findings. Take note 
that the work of fracture has been thought of as a fair indicator 
of fracture resistance, even though it is not exactly the same as 
fracture toughness. More complex models, like the discontin-
uous crack-bridging model, are needed for direct prediction of 
the improved fracture toughness of composites [18]. To keep 
things simple, we shall estimate composite fracture toughness 
using the work-of-fracture method.

Toughening in graphene nanomaterial-reinforced compos-
ites

Our review of the toughening mechanism in carbon fi-
ber-reinforced plastic reveals that the current theoretical and 

Figure 1: Fracture of a composite reinforced with graphene nanomateri-
als. (a) This work investigated a common case where scattered platelet-like 
nano-reinforcements bridge a cleavage crack. (b) The reduced graphene 
model in is the result of assuming that each reinforcement behaves in-
dividually. (c)The interfacial failure process is driven by the extraction of 
reinforcement from the matrix and the consequent rise in crack opening, 
Δ, caused by the loading.

Figure 2: A shear-lag model that uses cohesive-frictional theory. (a) One 
reinforcement-matrix interface is taken into consideration by the half-re-
inforcement model. It is the pull-out length Δ, and the pull-out force, F, 
that cause the matching matrix/reinforcement interface to fail. (b) Initial 
configuration of the interface. (c) Final debonding of the interface and 
subsequent pull-out. (d - g) When describing the pressure-dependent 
sliding responses between the reinforcement and the matrix, an extended 
cohesive model is used, which includes the Coulomb friction model.



S680NanoWorld Journal | Volume 9 Supplement 3, 2023

Optimizing the Fracture Behavior of Zirconia-Graphene Nanocomposites Through 
Advanced Shear-lag Modeling Sapaev et al.

We simplify the situation by assuming that there is al-
ready a pre-existing defect at the interface, which is an un-
bonded segment of size a0, sitting near to the cleavage crack, 
and that the rest of the interface is initially whole (Figure 2b). 
The frictional force, τf, increases in the unbonded region as 
Δ grows, which delays the onset of debonding in the bonded 
region. This is followed by a redistribution of interfacial shear 
stress, τ, during the subsequent debonding. As seen in figure 
2c, if the reinforcement strength is high enough, the entire 
contact can become unbonded and merely affected by friction. 
In most cases, the pressure applied to the interface, denoted 
as p, should determine the frictional force, τf. The assumption 
is that the Coulomb model is linear, with τf = µp, where µ 
is the friction coefficient. It is also believed that the pressure 
is evenly distributed, which will prevent interfacial delamina-
tion and provide proper reinforcement-matrix contact. The 
matrix-reinforcement bond’s mechanical characteristics have 
a significant impact on the interfacial shear stress distribution. 
One way to describe the bonding qualities is using a cohesive 
model, which shows in figure 2d to 2g the relationship be-
tween the shear stress (τ) and the relative displacement (δ) at 
the interface. Chemical (e.g., covalent, hydrogen, or dangling 
bonds) and mechanical (e.g., mechanical locking owing to sur-
face roughness) methods are usually used to accomplish the 
interfacial bonding [19]. The intricate process of bonding be-
tween surfaces, together with changes in surface pressure, leads 
to a broad spectrum of surface stiffness, ki, surface strength, 
τm, surface debonding length, δf, surface fracture energy, Γi, 
and surface frictional force, τf (Figure 2d and 2e). The mi-
cron-scale in-situ pull-out experiments performed were used 
to measure the unpressurized interfacial properties between 
a hexagonal boron nitride nanosheet (h-BN) and a zirconia 
(PDZ) substrate derived from polymer. The results showed 
that ki,0 ≈5.7 GPa/µm, τm,0 ≈66.4 MPa, δf ≈τm,0/ki,0, and 
œi,0 ≈0.5τmδf. The characteristics of the graphite/epoxy in-
terface were investigated in millimeter-scale push-out experi-
ments conducted. They found ki ≈0.2 MPa/µm and τm ≈1 - 7 
MPa. The interface between a concrete slab and a cast-in-place 
concrete topping using meter-scale push-off experiments. The 
results showed that ki was around 3 - 19 kPa/µm and τm was 
about 0.2 MPa. The results show that the bonding between 
the surfaces of composites is multi-scale. Graphene nanoma-
terial-reinforced composites are best described by the length-
scale of the h-BN/PDZ experiments, such as the interfacial 
shearing distance and the interfacial length. Using these data, 
we construct an extended cohesive model (Figure 2f and 2g) to 
describe the interfacial failure mechanism. The cohesive mod-
el exhibits a pressure-dependent stiffness, k_i=k_(i,0)+ pθ, a 
subsequent abrupt debonding at δ=δ_f, and the frictional slid-
ing dictated by τ_f=μp. Further properties include a linear τ-δ 
response. Therefore, the shear strength, τ_m=τ_(m,0) + pθδ_f, 
is also pressure dependent. Keep in mind that there might be 
a gradual softening regime after τ approaches τ_m in the ex-
tended model and the h-BN/PDZ data, but it is not seen in 
figure 2d and 2e specifically. In addition, this expanded mod-
el is comparable to the slip-weakening model in earthquake 
mechanics, although it has not been applied to composites 
research.

According to the cohesive-frictional model mentioned 
earlier, a well-defined shear-lag problem is what defines the 
interfacial failure process (Figure 2). One half of the length of 
the matching reinforcement is the length of the contact under 
consideration, denoted as L. It is reasonable to concentrate on 
the reinforcement’s deformation along its pull-out direction 
(the X-direction in figure 2) and assume the matrix is rigid 
because the Young’s moduli of the matrix and graphene are 
typically within the same order of magnitude and the rein-
forcements are significantly thinner than their spacings. This 
ensures that the reinforcement’s strain and stress distributions 
are nearly constant over its thickness. We anticipate small 
strains because the brittle reinforcement is not very stretchy. 
At the contact, however, the relative displacement might not 
be negligible, particularly during the sliding phase. In the de-
formed reinforcement, the relative displacement field, u(x), 
and stress field, σ(x), are linked along the X-direction through:

d drE u xσ = 					            (1)

Where, Er denotes the graphene’s modulus. The variation in 𝜎 
is caused by the interfacial shear stress.

d d rx tσ τ= 					            (2)

Where, tr represents the graphene’s half-thickness. The dis-
torted configuration defines both 𝑎(𝑥) and 𝜎(𝑥). Equation 1 
and equation 2 when combined yield:

( )2 2d d ru x Etτ= 				           (3)

The length of the contact interface reduces by 𝑙s with an 
initial length of L, as the pull-out length Δ rises. Hence, the 
left end of the reinforcement travels in the direction of u(𝑙s − 𝐿 
= 𝐽s) and in the absence of stress, 𝜎(𝑙s − 𝐿 = 0).

The interface is composed of an unbonded/sliding region 
(−𝑙ub < 𝑥 < 0) with a length of 𝑙ub a bonded region (𝑙s − L < 
𝑥 < −𝑙ub) with a length of 𝑙b = L − 𝑙s − 𝑙ub) and a freestanding 
region (0 < 𝑥 < Δ) with a length Δ. The relative displacement 
of δf at x = −𝑙ub is maintained by the increasing unbonded area, 
where u(−𝑙ub) = δf. Interfacial shear stress distribution as shown 
in figure 2g by the cohesive-frictional law is as follows:

s ub

f ub

,    
,     0
0,    0

ik u l L x l
l x

x
τ τ

− ≤ ≤ −
= − ≤ <
 ≤ ≤ ∆

			          (4)

Equivalent equation 3 and equation 4 are substituted to obtain 
a piecewise controlling equation:

( )

2
0 s ub

2 2
f ub

,     
d d ,   0

0,    0
r

u l l L x l
u x Et l x

x
τ
 − ≤ < −
= − ≤ <
 ≤ ≤ ∆

		         (5)

This is where the characteristic length 0 r r il E t k=  
measures the local distribution of the interfacial shear stress 
in the bonded portion of the interface. So, it calculates an ap-
proximation for the size of the debonding “process zone” (PZ) 
where the interfacial bonds are considerably more distorted 
than outside. While interfacial stiffness decreases as reinforce-
ment stiffness rises, PZ size grows as reinforcement stiffness 
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increases. Taking into account the boundary conditions and 
continuity conditions for displacement and stress described 
before allows one to solve the differential equation in equation 
5. We have ls – L ≤ x ≤ –lub.

( )
[ ]

s 0
f

b 0

cosh
cosh

x L l l
u

l l
δ

+ −  = 			          (6)

There is a correlation between, 𝑙-b and 𝑙-ub, because 
the displacement at the left end of the bonded region is 

( )s fsech b 0 fl l lδ δ= ≤ .

b
ub b f

0

sech ll L l
l

δ= − − 			          (7)

Applying equation 1, we can determine the stress at the 
junction of the bonded and unboned areas, which gives:

( ) f b
ub

0 0

tanhrE ll
l l
δσ − = 			          (8)

For –lub ≤ x ≤ 0, we have:

( )f
f ub ub 02

i 0 f 0

2 tanh
2

m blu x l x l l
k l l
τ τδ

τ
 

= + + + + 
 

    (9)

The displacement at x = 0 is precisely equal to the ini-
tial length of the free-standing portion of the reinforcement, 
which ranges from (0 ≤ x ≤ 0).

( ) f
f ub ub 02

i 0 f 0

20 tanh
2

m blu l l l
k l l
τ τδ

τ
 

= + + 
 

	      (10)

Equal to the continuous stress at the junction of the 
free-standing and unbonded sections is the stress in the 
free-standing part:

( ) f ub 02
0 0

0 tanhr b
m

i

E ll l
k l l

σ σ τ τ
 

= = + 
 

		       (11)

Extending the reinforcing by σ/Er. Thus, the pull-out 
length, Δ, and force F, can be solved semi-analytically:

( ) ( )
r

0
0 1u

E
σ 

∆ = + 
 

2
f f ub f ub f

f2 2
0 0 0 0 0 0

tanh 1 tanh
2

ub b b

i i

l l l l l
k l l l k l l l
τ δ τ δδ

  
= + + + +  
  

	
						           (12)

( ) b
f ub m 0

0

0 . .2 2 tanhr r r
lF w t w l l
l

σ τ τ
 

= = + 
 

	      (13)

Where wr denotes the graphene’s width (in the out-of-plane 
direction of the shear-lag model). The reinforcement is loaded 
on both sides, as seen in figure 1c and figure 2a, and this is ex-
plained by the two-digit pre-factor in equation 13. The crucial 
pull-out force, Finit, needed to start the debonding process 
from a size a0 defect can be easily determined by substituting 
lub = a0 − δf in equation 13 instead of lub.

It is important to remember that the debonding process 
under consideration encompasses the whole procedure, begin-
ning with the failure of the most strained link and continuing 
until all of the bonds at the interface have failed. Thus, it could 

not be a simple debonding process, but rather a hybrid of the 
two, including frictional sliding and debonding in the bonded 
area (in the unbounded region). These two physically separate 
processes are highly related and should not be treated inde-
pendently, according to earlier research [20].

While debonding is a complex process, the pull-out that 
follows is based entirely on frictional sliding. The pull-out 
force, F, is thus directly related to the contact interface length, 
lub = L − ls, and it falls monotonically as Δ approaches Δ = L.

r f ub2F w lτ= 					          (14)

The interfacial displacement field is controlled when there 
is no bonded area.

( )2 2 f r ub,   0
d d

0,            0
Et l x

u x
x

τ − ≤ <
= 

≤ ≤ ∆
		       (15)

For –lub ≤ x ≤ 0, we have:

( ) ( )2f f
ub ub ub2 2

0 0

,   
2 i i

u x l L l x l
k l k l
τ τσ= + + − = +     (16)

At 𝑥 = L − 𝑙ub, fulfilling the stress-free condition. That be-
ing said, the pull-out length can be calculated using the same 
method as equation 12:

( ) ( ) 2
f f

ub2 2
r 0 0

0
0 1 1

2
ub ub

i i

l lu L l
E k l k l

σ τ τ    
∆ = + = + − +    

    
  (17)

The changes in F and Δ as the interfacial failure progresses 
under various pressures are illustrated in figure 3a. Assuming 
µ = θδf = 0.2, the interface starts with a length of 100.0 µm 
and has a pre-existing defect of size a0 = 10.0 µm. Table 2 lists 
all the additional factors. Figure 3a and its insets show the 
F-Δ curve, which shows the change from debonding to pure 
frictional pull-out. The only process that produces a nonzero 
F in the absence of friction and pressure is debonding. Due to 
its simple linear relationship, the F-Δ curve that exists before 
debonding begins is not displayed.

Debonding and the initial stage of frictional pull-out are 
magnified in figure 3b and 3c, respectively, revealing substan-
tial variation for various values of L and p. The significance of 
pre-existing flaws in starting the debonding process is shown 
by the fact that the initiation point, denoted by crosses, is af-
fected by the initial defect size, a0. Fascinatingly, one master 
curve that is unaffected by a0 represents the later evolution 
of F and Δ. The “snap-back” instability, shown by dashed ar-
rows in figure 3b and 3c as well as the insets of figure 3a, is 
a notable aspect of these F-Δ curves. It occurs at the end of 
the debonding process, when Δ = Δend, and debonding can 
only continue in a quasi-static way if F and Δ decrease at the 
same time. The interface’s shrinkage and debonding reduce its 
load-carrying capabilities, which is accounted for by the fall 
in F, while the elastic recovery of the stretched reinforcement 
causes the decrease in Δ. In a system that is consistently load-
ed, the instability point is usually not reached. Instead, the in-
terface becomes totally unbonded as Δ beyond Δend, and the 
system transitions to pure sliding. The debonding and pull-out 
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processes are both initiated simultaneously by the “snap-back” 
instability.

The pull-out force, F, reaches a plateau for long interfaces 
(L = 100.0 µm) right after debonding starts (Δ = Δinit), while 
it drops significantly for shorter interfaces (L = 1.0 and 10.0 
µm). According to authors [21], the size of the PZ, l0 (refer to 
equation 5), controls this transition. In contrast, F is more af-
fected by changes throughout the length of the bonded region 
when an interface, (L ≈ l0 or L < l0) experiences shear stress 
that is more dispersedly distributed in the bonded region. The 
highest pull-out force, Fmax, also reflects the difference between 
these two modes. As shown in figure 4a for the pressure-free 
scenario, when L is small, Fmax. grows approximately linear with 
L. The reason behind this is that the interfacial shear stress is 
almost evenly distributed, with (τ ≈ τm) and L restricting the 
maximum value of F. (i.e., the so-called strength-governed 
limit). A constant F can drive the energetic fracture process of 
debonding a long contact, however this process becomes satu-
rated when L >> l0 (i.e., the so-called energy-governed limit).

Because of friction, the plateau of F for L >> l0 in the 
pressure-free case disappears for finite pressures, and F could 
even go up when debonding is going on. Fmax, which may be 
attained either halfway through or at the end of the debonding 
process, is hence not always equal to Finit. When the contact 
is long, the pressure effect is stronger, and friction, not inter-
facial bonding, is the dominant source of the maximum force 
(Fmax), which is approximately proportional to L (Figure 4a).

Both the debonding (Wd) and pull-out (Wp) energies 
dissipated by an interface as a function of L and p are illustrat-
ed in figure 4b and 4c, respectively. The integral of F/2 from 
Δinit to Δend is a convenient way to assess Wd, while the in-
tegral of F/2 from Δend to L is the best way to evaluate Wp. 
All of the curves in figure 4 assume of a modest defect size, 

a0 = L/100. Although Wp grows linearly with L, the Wd-L 
relationship is more complicated and defies simple power law 
description, unlike Kelly’s theory [22]. We plot the ratio of Wd 
to W (= Wd + Wp) for various values of L and p in figure 4d 
to understand the relative contributions to energy dissipation 
by the debonding and pull-out processes. Despite the com-
mon belief that W ≈ Wp, a significant amount of energy can 
be lost during debonding. The pressure-free scenario, where 
Wp = 0 and Wd > 0, is not the only one where this variation 
occurs. Given that Wd is the product of linked debonding in 
the bound zone and frictional sliding in the unbounded re-
gion, it follows that for big enough p and L, Wd can also be 
similar to Wp. The proportion contribution from Wd grows 
as p increases from 0.2 GPa to 3.2 GPa, as seen by the curves 
in figure 4d. An increasing Δend/L with p is shown in figure 
3, which is a result of the shortened pull-out process and the 
extended debonding process.

Theoretically, an interface’s ability to dissipate energy 
should be similar to 2

f i2W L Lτ= + Γ  which is the total 
of the energy dissipation caused by a rigid reinforcement’s un-
bounded interface and a bonded but frictionless interface. As 
a result, in figure 5a, we show the relationship between W and 
W  as a function of L for various pressure types.

Interestingly, these curves all show a nonmonotonic de-
pendence on p and monotonically rise with L. When consid-
ering the size-induced differences in mechanical characteris-
tics, there is a notable difference between W and W  for small 
L, suggesting that short reinforcements may not be the best 
option for dissipating energy. The energy dissipation capaci-
ty of the reinforcements, W, should be enhanced by applying 
a bigger pressure, since W  grows with p. The failure of the 
reinforcements themselves is a limiting factor that prevents 
them from reaching their toughening potential; this issue has 
attracted a lot of attention from researchers but is beyond 
the scope of this work [23]. Here, we will assume an effective 
strength, S, that governs their failure for the sake of simplicity. 

Figure 3: Development of the pull-out force as a function of time during 
interface failure. There is an accounting for both the debonding and 
pull-out processes. (a) The full progression of F, starting from the start 
of debonding and ending with the pull-out process, for a length of L = 
100 µm. Using p = 0, 0.4 GPa, and 0.8 GPa, the insets (a1 to a3) show a 
universal “snap-back” instability as the transition from debonding to fric-
tional pull-out (marked in dashed arrows). (b and c) The evolution of F 
during the debonding and early pull-out stages for L = 10 µm and L = 1 
µm may be observed in a zoomed-in image.

Figure 4: Interfacial failure process essential characteristic quantities. (a) 
The strongest force that can be applied to separate two surfaces before 
they fail completely. (b) The quantity of energy lost during debonding. (c) 
The quantity of energy lost during the extraction procedure. (d) The pull-
out process’s relative contribution to energy dissipation.
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Accordingly, dissipation must proceed without interruption.

max r.2F S t≤ 					          (18)

The grey walls and arrows in figure 5b indicate the “ad-
missible” p-L regime that equation 18 finds for a particular S.

Finding the optimal/maximum L for a given p or an opti-
mal/maximum p for a given L is as simple as looking at the in-
tersection line between the boundary of the acceptable regime 
and the contour plot of W (see the lines in figure 5b). We can 
make some broad observations despite the fact that figure 5b 
is model parameter dependent (Table 2):

•	 Combining a big L with a little p on the junction line 
is advantageous. There is a trade-off between big L and 
p, which can both increase W, due to the constraint in 
equation 18. In order to achieve higher toughness, it is 
more important to enhance L.

•	 Reinforcements have less of an impact on toughness after 
L reaches a certain upper bound (caused by practical 
constraints like manufacture) and an optimal p is reached.

•	 Because a lengthy interface is more likely to fracture, an 
upper limit of L is determined by a lower bound of p, 
as shown in equation 18. When it comes to toughening 
composites, a large S is always a good thing. Because of 
their exceptional strength, graphene nanoparticles are a 
natural choice for use in composite design.

Results and Discussion
This model decouples the dissipation of energy during 

debonding and pull-out and emphasizes the roles played by 
interfacial pressure (p) and interface length (L). We found two 
important parameters that characterize the interfacial failure 
mechanism: the total energy dissipation capacity of the inter-
face (W) and the maximum pull-out force (Fmax). The maxi-
mum allowable design space for p and L, where the interfacial 
failure process can start and continue unimpeded (Equation 
18), is defined by Fmax and the reinforcing strength, S. A 
moreack deflection problem has been extensively explored in 
the literature, but a more practically relevant topic is main-
taining an uninterrupted interfacial failure mode in compos-
ites (Table 1).

Figure 3c shows that prior research is lacking since it failed 
to account for the sensitivity to pre-existing flaws and pres-
sure, even in the strength-governed limit (i.e., tiny L) where 
Fmax = Finit. Consideration of all constraints is necessary to 
maximize W in real-world scenarios, since some restrictions 
may not be addressed by equation 18 (Figure 5b). The work-
of-fracture technique allows us to roughly estimate the overall 
toughness improvement of the composites as 4 nW, assuming 
n aligned bridging reinforcements (with length 2L and thick-
ness 2tr) per unit area. So, improving toughness and W are the 
same thing. In this work, we concentrate on the toughening 
effects for one specific fracture mode/direction, although it is 
important to mention that the mechanical properties of the 
composites are anisotropic due to the alignment of the rein-
forcements. In real-world scenarios, anisotropy of toughening 
might be especially attractive when one direction of loading 
requires substantially stronger toughening than the others.

This study’s continuum analysis failed to detect a size-de-
pendent change in the toughening mechanism. The usage of 
graphene nano-reinforcements appears to provide minimal 
benefits, according to this result. It should be noted that fac-
tors such reinforcing stretchability and interfacial properties 
might show a strong size-dependence, yet our theoretical par-
adigm is applicable to both micro- and nano-platelets. One 
example is the employment of longer reinforcements made 
possible by nanomaterials’ great strength (i.e., a reinforcement 
material with larger L that does not undergo fracture). Be-
cause graphene nano-platelets are thinner than conventional 
ones, there are more matrix/reinforcement contacts per unit 
volume, which boosts toughness. In addition, since the inter-
face and bulk/interfacial properties are not easily observable 
experimentally, the continuous analysis makes it difficult to 
characterize them when each thin reinforcement is located 
within several atomic spacings from the interface.

Conclusion
The assumption that the matrix/reinforcement contact is 

subject to a cohesive-frictional law that governs debonding 
and frictional sliding forms the basis of our work. In order 
to build robust ZMCs for a particular material system, it is 
crucial to accurately characterize the interface, paying close 
attention to the size and pressure effects. Engineered inter-
facial bonding and morphology provide new possibilities for 
controlling interfacial properties, made possible by graphene 
nanomaterials’ distinctive layered structure. Aside from the 
“sword-in-sheath” manner of fracture bridging seen with mul-
tiwalled carbon nanotubes, other failure modes may emerge 
because of the weak connection between the interior layers 
of graphene nanomaterials. Debonding and pull-out may not 

Figure 5: Maximizing the matrix/reinforcement interface’s ability to dis-
sipate energy. (a) Increases in energy dissipation are often associated with 
long interfaces and high pressures. (b) However, the dissipation capacity 
can only be used in theory due to the reinforcement’s failure strength, S. 
As indicated by the arrows and the grey walls, the permissible design space 
that avoids the intermediate interruption of the interfacial failure process 
is defined by the p-L regime. The best value of L for a certain value of p (or 
the best value of p for a particular value of L) is defined by the intersecting 
line between the acceptable regime boundary and the contour plot of W.

Table 2: Model parameters utilized for this research.

Er (GPa) 500.0
tr (µm) 0.2

τm,0 (MPa) 66.4
ki,0 (GPa/µm) 5.7
δf (µm) 0.0116
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happen at the matrix/reinforcement contact but rather be-
tween the interior layers of the nano-reinforcements. These 
two processes can work together to increase toughness in ways 
linked to differences in the particular reinforcement structures 
and characteristics.

When applying the cohesive frictional rule in practice, it 
is also important to think about where the pressure is coming 
from. The thermal expansion mismatch between the matrix 
and reinforcements causes most composites to have substan-
tial residual stresses. Furthermore, significant pressure at the 
interface can be exerted by external loading. This may have 
similarities to how T-stress affects composite fracture.
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